Abstract: On resonance, periodic dielectric media of finite length exhibit large and distributed internal electric field distributions. The large and distributed fields have been exploited for applications in light emission, optical switching, and nonlinear optics. Resonance quality factors scale as the number of periods cubed near a regular band edge with quadratic dispersion. For chip-scale integrated photonics, significant footprint reduction is possible by exploiting the quartic dispersion of a degenerate band edge with quality factors that scale to the fifth power of the number of periods. Band diagrams with quartic dispersion are extracted from transmission measurements of fabricated devices realized in silicon photonics. Transmission measurements show Fano resonances with a sharp transmission peak-to-bandgap extinction ratio of 20 dB and quality factors of 27 000.
Introduction
Large quality factors Q and small modal volumes occur in periodic structures with defect cavities [1] , [2] . Defects break translational symmetry and modes are spatially localized to the defect with frequencies inside the bandgap. Although the small modal volumes of defect cavities can yield large Purcell factors for reduced threshold nanocavity lasers [3] , the output power of stimulated light emission devices is limited by the small volume of gain media [4] . Furthermore, small modal volumes produce challenges for sensing an analyte [5] , [6] or positioning a quantum dot [7] to the location where the electric field is maximum. These challenges can be overcome by exploiting the large and distributed electric fields in finite length, defect-free periodic structures. Applications include light emission [4] , [8] , optical switching [9] , and nonlinear optics [10] .
The dispersion near a regular band edge (RBE) is well approximated by a quadratic relationship (ω − ω 0 ) ∝ (k − k 0 ) 2 , where ω is the frequency, and k is the wavenumber. Parameters ω 0 and k 0 are the frequency and wavenumber at the band edge. At a RBE, the group velocity is zero, i.e. ∂ω/∂k = 0. The quadratic dispersion results in Q that scales to the third power of the number of periods N [11] .
Degenerate band edge (DBE) periodic structures with quartic [12] dispersion have been suggested for the miniaturization of band edge resonators. Quality factors scale as N 5 [11] near a quartic DBE where dispersion is approximately (ω − ω 0 ) ∝ (k − k 0 ) 4 . At a DBE, ∂ω/∂k = ∂ 2 ω/∂k 2 = 0. On resonance near a DBE, both propagating and weakly evanescent Bloch modes contribute to produce large internal field intensities [12] . When resonances are near a DBE, the cavity can be reduced in size by a factor of N periods and have comparable internal peak power intensity to that of a RBE resonance [12] . Additionally, evanescent modes allow for efficient coupling to the cavity [13] . Previous DBE research has mainly focused on theoretical analysis [11] , [12] , [14] or numerical simulation [13] , [15] - [18] . There have been reports [19] - [21] of measurements of periodic structures designed to exhibit a DBE at RF frequencies, but these structures did not demonstrate quartic dispersion near a DBE or Q scaling. Recently, fifth power Q scaling was demonstrated at optical wavelengths in silicon strip waveguides with one-dimensional periodicity [22] , [23] . However, quartic dispersion near a DBE has yet to be demonstrated in experiment. In this work, we experimentally demonstrate quality factor scaling to the fifth power near a DBE realized in silicon photonics. The resonator is implemented in silicon strip waveguides with one-dimensional periodicity [17] . Band diagram measurements of fabricated devices show the quartic dispersion of the DBE for the first time in an experimental setting and confirm that quartic dispersion results in Q scaling to the fifth power.
Design
The nominal design for our DBE resonator is shown in Fig. 1 . Design parameters are chosen to realize resonances near a DBE at 1550 nm for quasi-TE polarization (dominant electric field in x-direction). Our design is based upon a strip waveguide of width w equal to 740 nm and height h equal to 250 nm. The material system is silicon-on-insulator (SOI) with a silica top cladding. Periodicity is added to the design by etching two parallel rows of holes in the silicon waveguide of radius r equal to 112.5 nm and period a equal to 380 nm. Holes are offset laterally from the waveguide center in the x direction by distance x 0 equal to 155 nm.
Engineering of band edge dispersion is possible by changing the longitudinal offset z 0 [18] . A RBE is realized for z 0 equal to 0 nm. A DBE is realized only when z 0 equals 90 nm. Light is coupled into and out of the periodic cavity with two y-splitters. Our device is a four port network. A transition length of Z L equal to 1.5 μm maximizes transmission across port one to port four and the resonator effectively operates as a two port structure.
The complex band diagrams in Fig. 2 , which show both propagating and evanescent modes with complex-valued k, highlight key differences between a RBE and a DBE. Complex band diagrams and squared vector magnitude of electric field are calculated using the finite element method (FEM) [24] . FEM simulations use the nominal DBE design dimensions: w = 740 nm, h = 250 nm, r = 112.5 nm, x 0 = 155 nm, and z 0 = 90 nm. The RBE simulation dimensions are the same as the DBE dimensions, except for the offset z 0 which is 0 nm for the RBE. Calculations are performed using infrared refractive indices for silicon (3.48) and a uniform SiO 2 cladding (1.45).
The nominal design supports at most two guided modes below the first band gap. Both modes are evanescent in the bandgap. The RBE complex band diagram is shown in Fig. 2 (a) and (c). The lowest order propagating mode (solid blue) becomes an evanescent mode (dashed blue) at ωa/(2πc) = 0.2143. The lowest order mode remains evanescent until ωa/(2πc) = 0.2729, where the mode transitions back to a propagating mode (solid gray). The second lowest order mode (orange) becomes evanescent at the band edge ωa/(2πc) = 0.2595. For frequencies near and below the band edge, the wavenumbers of the propagating and evanescent modes are different (solid orange and dashed blue, respectively). The squared vector magnitude of the electric field is plotted in Fig. 3(a) for the propagating mode at five uniformly spaced wavenumbers. At the same frequencies, the vector magnitude of the electric field is plotted for the evanescent mode and shown in Fig. 3(b) . The eigenvalues and eigenmodes of both modes are always distinct near an RBE.
The DBE complex band diagram is shown in Fig. 2 (b) and (d). The lowest order mode becomes evanescent near ωa/(2πc) = 0.2172. Near and below the band edge at ωa/(2πc) = 0.2447, the imaginary component of the weakly evanescent wavenumber rapidly vanishes (dashed blue). At the band edge, both propagating and evanescent wavenumbers converge to the same repeated eigenvalue ka/(2π) = 0.5. Additionally, the eigenmodes coalesce into a single shared eigenmode. The vector magnitude of the electric field is plotted in Fig. 3(c) for the propagating mode at the same wavenumbers used in Fig. 3(a) . At the same frequencies, the vector magnitude of the electric field is plotted for the evanescent mode in Fig. 3(d) . At the DBE, the matrix representation of the eigenvalue problem has algebraic multiplicity of eigenvalues which exceeds the geometric multiplicity of eigenmodes [12] . For a small spectrum of frequencies near a DBE, both propagating and weakly evanescent modes are nearly identical, as seen in Fig. 3 (c) and (d) when ωa/(2πc) > 0.24462. For our design when the wavenumber ka/(2π) > 0.473, the dispersion is approximately quartic.
Methods

Device Fabrication
Devices are fabricated following the general procedure in [25] for patterning a SOI wafer with a 250 nm thick silicon device layer and 1 μm of buried oxide (BOX). Silicon waveguides are patterned by electron-beam lithography (EBL) using an HSQ mask and etched by Cl 2 /O 2 reactive ion etching. Spin-on-glass (FOx-15) is chosen as a top cladding to fill the etched holes. After spin coating, the devices are baked on a hotplate at 200°C for 2 minutes. The spin-on-glass layer is densified in a N 2 ambient at 400°C for one hour. Spin-on-glass film thickness measured via ellipsometry at 632.2 nm is 545 nm. An additional 510 nm of PECVD SiO 2 is deposited on top of the spin-on-glass. Compact cantilever couplers are patterned for low loss fiber-to-chip coupling [26] , [27] .
Devices fabricated in our process flow are limited by minimum electron beam lithography (EBL) step-size of 5 nm. This limitation requires a deviation in hole radius from the nominal design. Also, to increase the likelihood of observing DBE resonances, a number of design variations are chosen around the nominal design. We consider 18 base designs generated from each combination of three design parameters: hole radius equals 110 nm or 115 nm; period equals 370, 380, or 390 nm; and waveguide width equals 720, 730, or 740 nm. For each base design multiple devices are made where the number of periods is varied.
Cross-sectional SEM images of fabricated silicon waveguides are shown in Fig. 4(a) and (b). Fabricated devices have sloped sidewalls. The waveguide width at the top is 724 nm while the width at the bottom is 736 nm (see Fig. 4(a) ). Etched hole dimensions are estimated from the cross-section of silicon waveguides designed to have a 220 nm gap in the center (see Fig. 4(b) ). Measured gap width in fabricated structures is 232 nm at the top and 232 nm at the bottom. We assume that etched holes will have a similar diameter as the gap width, i.e., hole diameter is 232 nm.
Device Characterization
Single mode fiber directs light from a tunable infrared continuous-wave laser to the device. Fiber paddles set the polarization state to TE polarization. The tip of the single mode fiber is tapered [28] for mode-matching at the compact cantilever coupler at port one. Transmitted power is collected at the port four cantilever coupler via a second tapered single mode fiber and measured with a photodetector. Ports two and three are unused and terminated by matched loads to minimize back reflection. Fano [29] lineshapes are fit to the transmission response using nonlinear curve fitting [30] . Quality factors are calculated from the linewidth full-width at half-maximum.
Band dispersion is extracted at resonance frequencies from transmission spectra with multiple resonances. The center wavelength of each resonance is determined from Fano lineshapes fit to the transmission response. The resonances are equally spaced in wavenumber k. The spacing depends only on the cavity length L [31] as
The wavenumber at the band edge is k 0 = π/a for both a RBE and DBE. The wavenumber of the 1st resonance from the band edge is k 1 = k 0 − δk. Likewise for the 2nd resonance the wavenumber k 2 = k 0 − 2δk. In general, the wavenumber [12] , [31] of the mth resonance is given as
for a cavity of length L = aN . From (2) it is seen that as the number of periods N approaches infinity, k 1 approaches k 0 . With (2), dispersion can be plotted at discrete points on resonance. The group velocity of light through the optical device is measured by modulating the optical carrier [32] . Our experimental setup for measuring group delay is shown in Fig. 5 . A vector network analyzer drives a lithium niobate modulator to modulate light from a tunable laser source. The laser wavelength is swept across the range of interest. Low and high speed photodetectors record the transmission response of the cavity at each wavelength. The high speed photodetector is connected to the vector network analyzer and captures the RF magnitude and phase. The RF phase ϕ in degrees is related to the group delay τ g as
• f mod (3) where f mod is the RF modulation frequency [32] . For our experiment f mod = 4 GHz. The group velocity on resonance is given as v g = L /τ g where L = aN is the physical length of a cavity. Combined with (2) the group velocity versus wavenumber is determined.
Results
Optical transmission measurements
An optical micrograph of a fabricated DBE cavity is shown in Fig. 6 (a) and scanning electron micrograph in Fig. 6(b) . The mode of the first resonance is shown in Fig. 6(c) where the vector magnitude of the electric field is calculated via three-dimensional finite-difference time-domain computations (Lumerical Solutions, Vancouver, B.C). The measured transmission response for a 35 period cavity where w = 730 nm, r = 110 nm, and a = 390 nm is given in Fig. 6(d) . The band gap begins at 1541.3 nm and extends below 1460 nm, the limit of our measurement system. The first four resonances closest to the degenerate band edge are shown along with Fano resonance fits in Fig. 6(d) . The asymmetric lineshape of the first resonance is indicative of a Fano resonance. Fano resonances have been observed [33] in other periodic structures where an evanescently decaying mode interferes with a resonant cavity mode. The Fano lineshape gives a sharp extinction of 20 dB for the first resonance closest to the band edge. The sharp extinction is not observed in other resonances away from the band edge because the resonant peaks are tightly grouped together. However, the underlying Fano resonances can still be quantified by fitting a Fano lineshape to each individual resonance peak. The linewidth of each resonance is related to the group velocity and increases with wavelength from the band edge. Increasing the number of periods pushes resonances closer to the band edge where group velocity is minimal. We have observed an overall decrease in transmission efficiency for cavities with more than 35 periods.
Dispersion extraction
The quartic nature of the fabricated resonator is shown by extracting the band edge dispersion from the optical transmission response. We extract the dispersion relationship from the transmission response of a 35 period cavity where w = 730 nm, r = 110 nm, a = 390 nm, and z 0 = 90 nm. The resonant frequency versus wavenumber given in (2) is shown in Fig. 7(a) .
We compare the experimental dispersion results to plane wave expansion (PWE) [34] simulation. The band frequency ω is sensitive to device dimensions and material properties. Therefore, the simulation uses the dimensions of fabricated devices as measured from Fig. 4 . Namely, the waveguide width at the top is 724 nm while the width at the bottom is 736 nm. Hole radius is 116 nm. PWE simulation also models the differences in refractive index between the three layer silica cladding shown in Fig. 1 . From top to bottom, the silica stack is 510 nm of PECVD SiO 2 on 545 nm of spin-on-glass on 1 μm of BOX. Infrared refractive indices used in PWE simulation are 3.481 for Si, 1.444 for PECVD SiO 2 , 1.36 for spin-on-glass, and 1.445 for BOX. The experimental dispersion matches the quartic dispersions of simulation. The wavelength difference between experiment and simulation in Fig. 7(a) is less than 1 nm, because the simulation model is based upon dimensions and properties of fabricated devices.
For a second verification of the DBE, the experimental group velocity is measured on resonance and plotted against wavenumber in Fig. 7 (b) using Eqs. (2) and (3). Experimental group velocity is compared to PWE simulation plotted in orange. The group velocity experiment and simulation are in good agreement as well.
Quality factor scaling
For a DBE resonator, quartic dispersion and Q scaling to the fifth power is only observed near the band edge [18] . Away from the band edge, Q scales only to the third power as in an RBE cavity. Quality factor scaling as a function of the number of periods is presented in Fig. 8 for eight different DBE resonators with dimensions w = 730 nm, and r = 110 nm and a = 390 nm and periods ranging from N = 10 to 45. Measured Q for the first three resonances are shown. We compare measured Q to those computed [18] via three-dimensional finite-difference time-domain (FDTD) computations. Q scaling to the fifth power is observed for cavities with as few as 25 periods. The largest Q that we measured is 27 000 in a cavity with 35 periods. For structures with more than 35 periods it was difficult to extract Q from the diminished transmission response. Quality factor scaling beyond 35 periods is possible by minimizing fabrication imperfections [15] , [35] .
Conclusion
Quartic dispersion is measured using distance in wavenumber between consecutive resonances and the resonance frequency. The quartic dispersion is consistent with group velocity measurements. Experiments confirm that quartic dispersion results in Q scaling to the fifth power. Q scaling to the fifth power in periodic silicon optical waveguides designed to exhibit a degenerate band edge opens new opportunities for band edge resonant devices. We envision compact band edge cavities with large optical field distributions for light emitters, switches, sensors, and nonlinear optical devices.
